Abstract: This paper presents an improved average model and evaluation of an 18-pulse autotransformer rectifier unit (ATRU) in differential delta configuration. Average models remove the switching behavior of diode rectifiers and high bandwidth transients, which not only facilitates simulation of power systems by reducing computational cost but also enables impedance-based stability analysis for large complex power systems. To experimentally validate the proposed average model, a 2-kW, 18-pulse ATRU has been tested and the results of the derived model are compared with those of the switching model and experimental prototype. Computed transfer function of load impedance from the proposed average model closely resembles those of the switching model and the experimentally measured results validate the modeling procedure. Furthermore, stability analysis of the 18-pulse ATRU may be executed based on the return ratio of source and load impedance.
Introduction
The last two decades have seen the aircraft industry focusing a lot of research on the concept of more electric aircraft. The systems utilizing nonelectrical energy in the aircraft have been partially or fully substituted with their electrical counterparts, which has led to the significant reduction of fossil fuel consumption [1] . With the rapidly growing applications of electrical power systems, in order to ensure higher efficiency and reliability, attempts are being made to minimize the size and weight of these systems.
The power conditioning, for ensuring a desired level of power quality, is achieved with the use of power electronic converters. The quality factors of the modern power converters are lower input current total harmonic distortion (THD) and load voltage ripples [2] . The converter should also be characterized by high efficiency, small size, and long lifetime. Converter systems with either a voltage or current DC link are commonly used in industrial applications [3] . With the developments of industries, harmonic distortion is increasing in industrial power systems due to the constant growth of nonlinear loads such as rectifiers, inverters, or cycloconverters. These devices are likely to introduce significant harmonic pollution into the power systems, which may result in equipment malfunction and premature equipment failure, communication interference, or even the malfunction of protective devices [4] . The concept of multiphase AC-DC converters, for reducing the input current THD, * Correspondence: muhd_shahbaz@yahoo.com This work is licensed under a Creative Commons Attribution 4.0 International License.
has been mentioned in the literature [5, 6] . Input current harmonics generated in multipulse converters have orders of 6kx ±1 with amplitudes of 1/6kx ±1, where k is any positive integer and x is the number of 3-phase rectifiers connected in parallel or series [7] . Six-pulse converters are the most common converters but their harmonic performance is poor and many aerospace power quality specifications now demand 12-pulse performance or better. The use of a passive filter connected to the input of the six-pulse rectifier gives an unsatisfactory performance because of the variable frequency operation of the supply; therefore, higher pulse rectifiers are the only viable solution to this problem [8] . Due to high performance, in aircraft electrical power systems, the uncontrolled rectifier is a part of ATRUs that are widely used as front end converters for creation of DC distribution buses to drive motors such as fuel pumping, cabin pressurization and air conditioning, engine start, and flight control actuation [9] [10] [11] .
Conventionally, voltage transformers have been used for increasing the number of phases to introduce the appropriate phase shift for harmonic cancellation, but this technique is not preferred for more than 12-pulse converters. Higher pulse converters require more than one conventional transformer, leading to higher cost, larger volume, and weight of the overall system. ATRUs are employed in multipulse converters, comprising autotransformers for conversion of three-phase supply into n -phase systems using a 3-to-n -phase autotransformer [12] . Within complex interconnected systems, one must have complete knowledge of the dynamic interactions among the subsystems so that one is in a position to be able to predict the stability of the overall system. The stability of every subsystem is computed from the Nyquist plot of its return ratio, the ratio of its source output impedance Z S to its load input impedance Z L [13] . Major difficulty lies in the proper extraction of these impedances for time-varying sources and loads. For DC systems, one can easily extract these impedances through system linearization around a stable operating point, but in case of AC systems, there is no stable operating point and hence different methods are to be applied in order to obtain stable operation point for system linearization such as dq0 transformation [14] .
Stability analysis based on switching models results in increased computational complexity as well as large computer storage requirements. This leads to longer simulation times, especially when the overall system contains many switching models [15] [16] [17] . Dynamic average-value models (AVMs) have been utilized effectively to remove the high-frequency switching from the model while preserving the lower frequency dynamics of the system and provide accurate system-level steady-state and transient simulation results, which make such models particularly suitable for large-scale studies of power electronic systems [18, 19] . Average models convert simulation models from discontinuous to continuous, which runs magnitudes faster than the original switching models. This allows computationally efficient analysis of relatively slower dynamics, such as those involved in the destabilizing phenomena that may arise due to the interaction between tightly regulated loads and energy storage components. Since AVMs are time-invariant, they can be numerically linearized about any operating point for small-signal analysis, such as obtaining input/output impedances.
Two main techniques have been developed so far in order to derive average models of line commutated converters, namely the transfer function method [2] and mathematically derived models [20] . In the first method, the relation between input-output terminal parameters (voltage/current) is obtained for the respective switching models. The data are curve-fitted to predict the operation of the model at different operating points. This modeling technique, also known as the parametric AVM approach, is easier and straightforward but requires extensive simulations and the model is applicable to variable frequency systems. On the other hand, the second method involves explicit mathematical calculations that offer improved results in terms of static and dynamic behavior. In [21, 22] , partial dynamic improvement in a model was achieved by considering linearly varying load current. However, the effect of linear load variation was ignored in computation of commutation angle and input current equations. The commutation angle depends only on the average load current during the commutation period, not conduction. This paper proposes the development of an explicit mathematical dynamic AVM of 18-pulse transformerfed diode rectifiers, which is an improved model of the static model discussed in [23] . While deriving the dynamic model, addition of a linear term to the DC load current makes it match the detailed/switch model more precisely in steady as well as transient states. Static models are good in representing detailed models during steady states but perform poorly during transient states since they do not account for load variation. In this proposed model, load current is assumed linearly varying throughout the averaging period (commutation and conduction) and is approximated using first-order Taylor series expansion that eases capturing the dynamic characteristics of the system more closely. This model is nonswitching and is in the dq0 frame; hence, it can be utilized to extract small-signal input and output impedances. Output impedance of the derived AVM is obtained through linearization in MATLAB/Simulink, which is presented for comparison with output impedance of the hardware setup. It is evident from comparison that the derived AVM output impedance closely resembles that of the hardware setup; hence, this model can be utilized for stability measurements of switch model ATRUs.
ATRU configuration
The ATRU mainly consists of an autotransformer that converts the 3-phase into a n-phase system, which can feed n/3 three-phase rectifiers. These rectifiers are connected either in parallel or series through/without interphase transformers (IPTs). The type of autotransformer configuration used here does not require IPTs for ensuring equal conduction in diodes, making it more suitable for applications that require small volume and weight. ATRUs offer lower input current distortion and low ripple output DC voltage and are used specifically in applications where electrical isolation is not required. A complete system for the 18-pulse ATRU is shown in Figure 1 , in which the autotransformer plays a vital role and converts the 3-phase system into 9 phases by shifting each phase ±40°. Winding ratios of K 1 , K 2 , and K 3 are derived in Eq. (1) by applying the sine rule for general triangles to triangle G as shown in Figure 2 (showing the vector phasor diagram of the autotransformer). 
For V Lout to be the rms magnitude of the line voltage at the output of the autotransformer and V ∅ to be the rms magnitude of the phase voltage with peak value as V pk , load voltage is calculated as:
Since output voltage is fed by two 9-pulse midpoint converters in series, therefore: For current calculations, Figure 3 can be used to find out all branch currents of phase a 0 , b 0 , and c 0 using Kirchhoff's current law and the ampere turns equations discussed in [24, 25] . For the DC load current I dc , only rms values for branch currents i C1 , i K2C1 , and i K3C0 depicted in Figure 3 are given below.
Similarly, a procedure may be applied to determine the rest of the equations. Transformer total capacity can be derived as:
Equivalent capacity is given by:
The experimental setup was arranged by designing the autotransformer using three-phase iron core material with area product A p = 759 cm 4 , A c = 10.24 cm 2 and selecting optimum current density J 0 = 223 A/cm 2 .
Currents through each winding ratio K 1 , K 2 , and K 3 were measured to calculate their windings for copper wire gauges by A w = I/J 0 , which was found to be 12, 12, and 15 AWG with number of turns to be 33, 17, and 76, respectively. Interconnections of the autotransformer windings are depicted in Figure 4 , which feeds three sets of voltages
, and ( a 2 , b 2 , c 2 ) to three parallel connected 3-phase rectifiers, converting the input into 18-pulse rectification.
Average modeling of 9-phase diode rectifier
Considering a section of the rectifier's input current as shown in Figure 5 , i a1 and i a0 commutate for an angle of µ until i a1 drops to zero while i a0 conducts with i b2 in the negative direction. It is assumed that load current linearly varies through the averaging period and is approximated using first-order Taylor series expansion. 
Here, µ is commutation angle, I dc0 is the average value of I dc , and M is the rate of current variation during this period of time dI dc /dωt . Hence, Eq. (10) captures the variation in I dc during the commutation period, consequently improving the dynamics of the derived model. An assumption of linear load current variation has a purpose so as to define boundary conditions for the input current complete averaging period, i.e. at the beginning and end of commutation as well as the conduction period. For example, when the current commutes from phase a 1 to phase a 0 while phase b 2 is conducting ( θ ….. π /9) as shown in Figure 5 and Figure 6 , boundary conditions can be derived as follows: [
[i] a1a0b2|θ=
Since the same phenomenon repeats after every π /9, only this portion is taken for averaging during the conduction and commutation period. Using these boundary conditions, the average model equations can be derived. It was shown in [20] that R s has negligible effect on commutation angle and the error amounts to 0.94% even if R s is varied 10 times; hence, it is neglected here. Consider current that commutates from phase a 1 to phase a 0 as shown in Figure 5 . Phase current equations may be derived as:
For simpler calculations, take:
Integrating Eq. (14) from 0 to θ range including commutation and conduction period:
For commutation angle derivation, evaluate Eq. (18) at θ = µ.
Rearranging:
Similarly:
For (14), and integrate over 0 to θ . Rearrangement gives:
Output DC voltage and current
The average value DC link voltage and current over the diode switching period can be obtained using the state space averaging technique as given in [26] . Circuit equations during commutation and conduction are given below, where U p and eU n represent the voltages of the positive and negative terminals of rectifiers with respect to neutral (n) as shown in Figure 1 :
Similarly at the DC load side:
Solving Eqs. (23) and (24) for U p and U n and putting this in Eq. (25) yields:
Here,
Put the values of V a0 and V b2 in Eqs. (26) and (27) where θ = ωt and 0 ≤θ≤ 2π . Since input/output currents and voltages repeat after every π 9 rad interval, the dynamic equation for I dc during conduction and commutation may be expressed as:
(28)
, m =1,2,3…. For establishing a time-invariant model, a state-space average technique is applied as:
For a periodic, time-dependent state-space equation:
When the average value is taken as the state variable, the time derivative of the average is given by:
Hence:
AC currents
The conventional dq0 transformation cannot be applied for the AC input currents as a 9-phase rectifier is being used. In order to scale the 9-phase dq0 space into 3-phase dq0 space, a constant multiplying factor is used so that the converter active power remains the same in 3-phase and 9-phase dq0 frames. It is required to apply 9-phase transformation into the dq0 synchronous reference frame as:
During the averaging period the only involved phases (shown in Figure 5 ) are i a0 , i a1 , and i b2 , so in the dq0 synchronous reference frame:
Integrating the above equations for average values i d and i q during commutation and conduction periods separately and averaging over period π /9 π 9 yields:
and
Eqs. (29), (32), and (33) represent the complete average model for the 9-phase diode rectifier where M accounts for the dynamics of the load current.
Simulations and experimental results
In this section, simulation results are compared with those of hardware, with converter specifications given in the Table and circuit parameters in the Appendix, for validation. Implementation of the proposed dynamic average model in Simulink is shown in Figure 7 where a three-phase supply system is transformed into a dq0 synchronous reference frame and fed to the derived model equations. The output DC voltage is fed to the load, which draws the required amount of current from the supply. Currents i d and i q are transformed into phase currents through dq0 to ABC conversion, which are further transformed into line currents for feeding the current controlled voltage sources. On the other hand, the switch models (component models) cover high frequencies, electromagnetic field, and electromagnetic compatibility behavior, and perhaps thermal and mechanical stressing. These high order models, having bandwidth in the megahertz region, suffer from computational complexity, mathematical instability, and slower execution process; however, the dynamic AVM of these switching models proves to be a faster, efficient, and effective tool for analyzing these systems. Using the MATLAB 2015a environment, switch and average models both were simulated for 1.1 s with the ode23tb solver and relative tolerance set to 1e-4 since it performs best in switching simulations. With solver Jacobian method set to full analytical, the switching model was executed in 3706 s while the average model was executed in 36 s, which is 104 times faster than the switch model. For measurement purposes, an Agilent digital oscilloscope was used with Time/Div set to a sufficiently large value so as to capture the step change conveniently. Only i a and i b were measured through the oscilloscope while i c was obtained as a result of symmetry. An Agilent network analyzer (E5061B), having frequency range from 5 Hz to 3 GHz, was used for measuring the small-signal output impedance. Circuit setup is shown in Figure 8 , where a 1-Ω resistor is used for sensing the current in the return path and a capacitor of rating higher than that of the output voltage is used for blocking high DC voltage so as to protect the network analyzer from being damaged. Sweep frequency signal of 34 mV ranging from 10 Hz to 10 kHz was injected into the circuit through an amplifier and small-signal voltage and current values were fed back to the network analyzer through T and R terminals. A capacitor rated double that of operating load voltage was used for DC blocking.
The current was measured using 1-Ω sense resistor as shown in Figure 8 . Signal collected at T is divided by signal collected at R to obtain output impedance. These output impedance data, measured through impedance analyzer, were exported to MATLAB and redrawn for comparison with the output impedance obtained from derived average model as shown in Figure 9 . 
Steady-state response
Comparison of load voltage, load current, and i dq currents for the average model with switching model and average model with experimental prototype is shown in Figure 10 , Figure 11 , and Figure 12 respectively. The time span for figures is set to the same range to make comparison easier. The difference between the switching model, average value model, and experimental prototype waveforms can be used to calculate the analytical error, which amounts to be less than 0.01%.
Transient response
A step variation of almost one-fourth in load is introduced at 0.969 s, i.e. load resistance is changed from 50 Ω to 38 Ω and the results are shown in Figure 13 , Figure 14 , Figure 15 , and Figure 
Conclusions
This paper proposed an effective mathematical average modeling and evaluation of 18-pulse diode rectifiers that are used for impedance extraction, stability measurements, and analysis. Switching models are discontinuous, complex, and nonlinear in behavior and hence cause mathematical instability as well as consume more time in execution. The proposed explicit mathematical average model converts the switching model into continuous so as to run orders of magnitudes faster than the original switching model. This allow computationally efficient analysis of relatively slower dynamics such as those involved in the destabilizing phenomena that may arise due to the interaction between tightly regulated loads and energy storage components. Avoiding mathematical instability problems makes its applications twofold. Waveforms and results of the derived model as well as the prototype and switching model, under steady state as well as dynamic state, are in close agreement. Hence, the derived model can be used for linearization and small-signal output impedance extraction for stability analysis, which is the key advantage.
